We extend the classical Gauss-Bonnet formula to the case of compact Riemann surfaces with cone or cusp metrics under the hypothesis that the Gaussian curvature is an L 1 function with respect to the metric.
Gauss-Bonnet formula is a fundamental theorem in differential geometry. It has various generalizations and for the case of Riemann surfaces with cone or cusp singularities, we would like to ask if there exists a similar result. Let (S, β) be a compact Riemann surface with divisor β = i β i p i such that β i > −1 holds (for the case of cusp singularities, see remark 3 below). A conformal Riemannian metric ds 2 on S representing β has a curvature function defined on the complement of the support of β. We will make some additional hypothesis on the curvature so that the Gauss-Bonnet formula holds in this case. In [3] , the author made a rather strong assumption that the curvature extends on S as a Hölder continuous function. Here we will make the following assumption:
The curvature extends as an L p function for p = 1 with respect to the conical metric.
Recall that if S is compact, then the Euler characteristic is defined to be
where χ(S) is the Euler characteristic of S, and deg(β)(= i β i ) is the degree of β. Our main result is the following: Theorem 1. Let (S, β) be a compact Riemann surface with a divisor as above and its curvature is an L 1 function with respect to the conical metric.. Let ds 2 be a conformal metric representing β. Then 1 2π
where K is the curvature, dA is the area element.
Remark 1. From the formula, we can easily get the Riemann − Hurwitz formula : If f : S ′ → S is a conformal map of degree n, then
. . , q in } where p i is on the support of β (here the points are counted with multiplicity, then f * β is defined to be the divisor of order β i at each q j for 1 ≤ j ≤ n. (Note that we need β ′ to satisfy our requirement for the order). The remark follows easily since we can use the pull-back metric on S ′ and then the Gauss-Bonnet formula gives the relation of their Euler characteristics.
The proof rests on the following lemma: Lemma 1. If ds 2 has a conical singularity of order β > −1 at p, and assume U is a coordinate neighborhood of p with the metric given by ds 2 = e 2u |z − a| 2β |dz| 2 , then there exists a sequence ǫ i → 0 such that
Assume first β ≥ 0. By the hypothesis of the curvature (assume for now that the curvature is an L p function), we know
where U is a small neighborhood of p and dĀ is the volume element on the complex plane (with the standard metric). Hence
(1) where we have used that u is continuous, β ≥ 0 and the above Poisson equation extends to the singularity p. First consider the case when p > 1 since the proof in this case is almost the same as the case p = 1 except some technological difference. Then by the L p estimate of standard elliptic theory ( [1], Theorem 9.13), we know that u ∈ W 2,p loc . Then by Sobolev embedding ( [2],Theroem 2.10) (without loss of generality, we assume that p < 2, we know u ∈ W 1,δ where δ = 2p 2−p . Note p > 1 then we have δ > 2. We assume the result is not true, then lim inf 
where we have used the Cauchy-Schwarz inequality to get
where C is some constant depending only on ǫ. On the other hand, u ∈ W 1,δ , we have
which obviously gives a contradiction. The assertion for another integral follows by a similar argument. In the case when p = 1, in order to argue as before, we need the following result:
For sufficiently small fixed r, Dp(r)\p |∇u| 2 < ∞
Having the result, we can take δ in the formula (1) and (2) to be 2 (which cannot be obtained by the L p estimate) and then the same conclusion follows. Now we come to prove the result.
Recall that u is smooth D p (r)\p and continuous in D p (r). Choose a family {χ ǫ : ǫ > 0} of compactly supported non-negative smooth function in C such that C χ ǫ = 1 and suppχ ǫ ⊂ {|z| ≤ ǫ}.Since u is continuous on D p (r), the convolutions u k := χ 1 k * u, for k large, are well defined smooth function and converge uniformly to u on D p (r). Moreover, since u is smooth in D p (r) \ p, |nablav k | 2 → |∇v| 2 as k → ∞ uniformly in any compact set of D p (r) \ p. Then by Fatou's lemma, we have Dp(r)\p
So it is sufficient to prove that there exists a uniform bound for Dp(r)\p |∇u k | 2 . Using integration by part, we have Dp(r)\p
Since u k → u uniformly on D p (r) and ∂u k ∂ n → ∂u ∂ n , the second term is uniformly bounded. For the first term,
where we have used in 1 for p = 1. This completes the proof of the result. Now consider the case when −1 < β < 0. Choose m such that β ′ := m+(m+1)β > 0 and set z = a + ω m+1 . Lifting the metric to this branched covering, we have ds 2 = e 2u ′ |ω| 2β ′ |dω| 2 with u ′ = u + log(m + 1). The the same argument give the result.
Proof. (of the main theorem) We first choose a smooth conformal metric ds 2 1 on S. Denote the curvature and the area element of ds 2 1 by K 1 and dA 1 . Then the classical Gauss-Bonnet formula gives 1 2π
Clearly there exists a function v : S → R such that ds 2 = e 2v ds 2 1 . We also have
where * is the Hodge star operator on forms (locally given by * dv = −i ∂v ∂z dz + i ∂v ∂z dz.) Combining the above equation, we only need to prove that
Since S is compact, supp(β) = p 1 , p 2 , . . . , p n is finite. Let D i (ǫ) be a disk of radius ǫ around p i . Choose ǫ small enough such that those disks are disjoint. Let S ǫ := S \ i D i (ǫ), then by Green's formula, we have
The point p i being conical singularity of order β i , we have v = β i log|z| + u.Now we choose the ǫ to be the ǫ i in the above lemma for each singularity. Hence
Using the lemma, we know the second term tend to 0 as i goes to ∞ which completes the proof.
Remark 2. Our main idea comes from the formula 4. In order to get the Gauss-Bonnet formula, we need the extra term in 4 goes to zero as ǫ → 0. In [3] , the author prove a stronger lemma under the assumption that K extends to a Holder function that this term goes to 0 in the full sequence. Here we only assume a weaker hypothesis so that we can get a subsequence going to 0 which is enough for our proof. The proof of the estimate of the integral of |∇u| 2 when p = 1 is similar with the proof of Lemma 3.3 in [4] . Indeed, the L p estimate for elliptic equation works only when p > 1 because of the use of Marcikiewicz interpolation theorem between the exponent p = 1 and p = 2 ( [1]).
Remark 3. Note that our proof can also apply to cusp singularities. Recall that a point p ∈ S is called a cusp regularities if locally the metric van be written as ds 2 = e 2u 1 |z| 2 (log(|z|)) 2 |dz| 2 in a neighborhood of 0. To show that the Gauss-Bonnet fomulae holds in this case, we observe that 4 ∂ 2 u ∂z∂z = −Ke 2u − 1 |z| 2 (log(|z|)) 2
As in the proof the lemma, we only need to show that ∂ 2 u ∂z∂z is an L 1 function. This follows immediately since the two sums of the right side are both L 1 functions (the first term is as in the proof above and the second term is by a change of polar coordinate).
